We present Bell tests for optical continuous variable systems, combining both hybrid measurements (i.e. measuring both particle and wave aspects of light) and heralded amplifiers. We discuss two types of schemes, in which the amplifier is located either at the source, or at the parties' laboratories. The inclusion of amplifiers helps to reduce the detrimental effect of losses in the setup. In particular, we show that the requirements in terms of detection efficiency and transmission losses are significantly reduced, approaching the experimentally accessible regime.
I. INTRODUCTION
Quantum mechanics predicts that separated observers sharing entanglement may observe correlations which cannot be explained by any classical mechanism. Signalling between the parties is excluded by ensuring spacelike separation such that the signal would have to travel faster than light. Moreover, an explanation based on a classical strategy using a common source can also be ruled out through the violation of Bell inequalities [1] . This remarkable phenomenon known as quantum nonlocality, which has been the root of much debate, is today actively investigated in order to get a deeper understanding of the foundations of quantum mechanics. Its study is further motivated by the development of novel quantum technologies. Nonlocality is recognized as a powerful resource for information processing. It allows for the reduction of communication complexity [2] , and plays a central role in device-independent protocols, which range from cryptographic primitives such as quantum key distribution [3] [4] [5] and randomness expansion [6, 7] , to quantum state estimation [8] [9] [10] .
Experimental evidence for quantum nonlocality is compelling [11] . All tests of nonlocality -known as Bell tests -performed so far have confirmed quantum predictions. Nevertheless, none of these experiments could yet conclusively rule out local models, since they all suffer from at least one out of two loopholes. First, the locality loophole is opened whenever the measurement events of remote parties are not space-like separated; a classical model using subluminal communication can then in principle explain the data. This loophole can be closed in photonic experiments, since photons can be transmitted over large distances with relative ease and measured with fast detectors. However, optical Bell tests have been hampered by the so-called detection loophole [12] . When the detection efficiency is below a certain threshold, it becomes possible to reproduce experimental data with a local model. Typical photo-detection efficiencies (including transmission losses and detector efficiency) in optical Bell tests are currently too low for closing the detection loophole.
Conversely, Bell tests carried out with entangled atoms have closed the detection loophole [13] , while leaving the locality loophole open due to the relatively slow atomic measurements.
Thus, while both loopholes have been closed experimentally, a definitive loophole-free Bell test, in which both loopholes would be closed simultaneously, is still missing. Such an experiment, much sought after, would not only be central from the perspective of the foundation of mechanics, but would also represent a crucial step towards the implementation of device-independent applications, which is still highly challenging [14] .
In this context, it is interesting to consider optical continuous variable systems [15] . Here the main advantage comes from the high efficiency at which homodyne measurements can be implemented. Bell tests based on continuous variables have until recently proven to be illusive, either requiring states (or measurements) which cannot be achieved with current technology [16] , or yielding very small violations [17, 18] .
Recently however, Cavalcanti et al. [19] showed that a scheme based on hybrid measurements -that is, combining both homodyne and photodetection measurementscan lead to large Bell inequality violations for continuous variable systems. Moreover, the required states and measurements can be implemented experimentally. In this scheme, the thresholds for a loophole-free Bell test in terms of transmission and detection efficiencies are comparable with those of the best schemes known for discrete systems [20] . Additionally, it has been shown that continuous-variable Bell tests based on hybrid measurements can lead to arbitrarily low detection-efficiency thresholds when considering more complex (experimentally unfeasible) states [21, 22] . Finally, the idea of hybrid Bell tests was also demonstrated to be relevant in the context of atom-photon systems [23, 24] , where the photodetector efficiency threshold is reduced due to the high atomic detection efficiency [25, 26] .
Here we propose to combine hybrid Bell tests with heralded amplifiers [27, 28] . The latter were recently discovered to allow for noiseless amplification of small coherarXiv:1203.0320v1 [quant-ph] 1 Mar 2012 ent states of light, and have been experimentally demonstrated [29] [30] [31] [32] . Such a noiseless amplification process is necessarily probabilistic -a deterministic implementation is impossible, due to the linearity of quantum mechanics -but can be achieved in a heralded way. We show that when heralded amplifiers are included in hybrid Bell tests, both the transmission and detection efficiencies required for a loophole-free experiment can be significantly reduced compared to the scheme of Ref. [19] , approaching the currently experimentally accessible regime. The main idea behind our schemes is that the amplification counteracts the detrimental effect of photon losses. First we consider a scheme in which the amplifier is placed at the source (see Fig. 1a ), enabling generation of states that are more robust to losses. Second, we discuss a setup in which the amplifiers are located just before the local measurements of the parties (see Fig. 1b ), hence acting as local filters, heralding the presence of a signal.
II. SETUP AND OPTIMAL STATES
The general setup we consider is outlined in Fig. 1 . A source prepares an entangled state of two light modes. Each mode is transmitted to one of the parties, Alice and Bob. Heralded amplification may be applied either at the source, or by each party locally. Throughout the paper, we will mainly focus on the Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [33] . Each party then has the choice between two measurements, yielding binary outcomes. We consider hybrid measurements (see Fig. 1d ), meaning that Alice and Bob can perform either a photodetection measurement (N ), or a homodyne quadrature measurement (X). For the photo-detection measurement, we consider detectors that simply determine the presence (or absence) of light. No detectors resolving the number of incident photons are required. The result of the measurement is labelled by +1 when the detector clicks, and −1 otherwise. The quadrature measurement is fixed to be along the phase-space X-axis. The output of this measurement, which is continuous yielding a real number x, is then binarized: the outcome is labelled +1 if |x| > δ and −1 if |x| ≤ δ, where δ is a constant to be optimized.
We will investigate the performance of various entangled states of light for the hybrid Bell scenario described above. Our central concern will be robustness to transmission losses and limited detection efficiency. Hence, it will be useful to define an effective Bell operator, taking losses into account. Both measurements,X andN , can be conveniently represented by Positive-OperatorValued-Measures (POVMs). A photodectector with limited effieciency η d is modeled by an ideal (perfectly efficient) detector preceded by a fictitious beam-splitter with transmittivity η d . The POVM element corresponding to 
and the complementary element isN 1 = 1 −N 0 . The measurement operator corresponding to photo-detection is then given byN =N 1 −N 0 . For a perfectly efficient homodyne measurement followed by our binarisation process, the projector corresponding to the outcome +1 is given byX
where |x denotes an eigenstate of the quadrature operator. The corresponding POVM element for a lossy homodyne measurement with efficiency η h can be expressed in the Fock-state basis as
where ν is a binomial coefficient. The complementary POVM element is given byX > = 1 −X < , and the measurement operator iŝ X =X > −X < . Transmission losses, in the channel linking the source to the local measurements, can be accounted for by multiplying both η d and η h by an additional factor η t (effectively adjusting the transmission of the fictitious beam splitters). With the above measurement operators, the CHSH inequality can now be expressed as | B | ≤ 2, where the Bell operator is given byB
SinceB depends on the loss parameters η d , η h , and η t , by diagonalizingB we can find the entangled state that achieves the largest CHSH violation for a given amount of losses. However, this approach can only be implemented efficiently if we consider specific subspaces with restricted photon numbers [21] . Here we restrict our attention to the subspace featuring at most 2 photons in total. We assume perfectly efficient homodyne measurements, η h = 1, which is a good approximation in certain experimental setups.
We obtain the optimal states and minimal efficiencies for two scenarios. First, a symmetric scenario, in which the source is located halfway between Alice and Bob, hence leading to η 
and the corresponding optimal state are
Both threshold values are significantly lower than in the original scheme of Ref. [19] (given by η d = 71.1% and η t = 84%), where the entangled state considered was of the form |20 + |02 . Second, we consider an asymmetric scenario, in which the source is located next to Alice's lab, hence η a t = 1, η b t = η t . The thresholds efficiencies areη
The optimal state with respect to photo-detection efficiency is again |ψ sym d
, whereas for transmission we have
Thus, both the symmetric and asymmetric schemes offer a significant improvement in terms of loss tolerance over previous proposals. This naturally raises the question of whether the required states can be implemented experimentally, which is the subject of the next section.
III. AMPLIFICATION AT THE SOURCE
In this section, we will present a scheme for realising the optimal states presented above. The main characteristic of our scheme is that it uses a heralded noiseless amplifier. In particular, we consider a standard parametric The source consists of a PDC source producing a two-mode squeezed vacuum state, and a heralded amplifier. The amplifier uses a single photon ancilla, created by PDC followed by detector D0, which is then mixed with the signal to be amplified. Successful amplification requires a click in D0 and either D1 or D2. By adjusting the strength of the squeezing λ and the gain of the amplifier g = 1−t t , the robustness of the state can be enhanced. We also consider the effect of limited coupling efficiency ηc out of the PDC sources (i.e. out of the non-linear crystals).
down-conversion (PDC) source and place the amplifier in one of the output modes of the PDC (see Fig. 2 ). After the amplification, the PDC output modes are recombined on a 50/50 beam-splitter. The PDC source produces a two-mode squeezed state of the form
where λ is the squeezing parameter. In the case without amplification, we obtain an output state (after the beam-splitter) of the form |00 + λ(|20 + |02 ) + O(λ 2 ). Although this state has the desired form, the single parameter λ does not allow us to recover exactly the optimal states of the previous section, i.e. eqs. (7), (8) . Therefore, we introduce the amplifier on one arm of the PDC source.
The amplifier is shown on the right-hand side of Fig. 2 and is based on Ref. [27] . It makes use of an ancilla, a heralded single photon, created by PDC followed by detector D 0 . The single photon is split on a beam splitter with variable transmission t and reflectivity r = 1 − t. Typically we consider the regime t << 1. Next, the transmitted signal interferes with the input beam on a 50/50 beam splitter, the outputs of which are finally measured by two additional single-photon detectors (D 1 and D 2 ). Successful amplification requires exactly one of these two detectors to click. Thus a complete amplification is heralded by two detector clicks (either {D 0 , D 1 } or {D 0 , D 2 }), taking into account the successful prepara- We consider two coupling effiencies: ηc = 1 (solid curves) and ηc = 0.9 (dashed curves). The CHSH inequality is violated for all combinations of transmission and detection efficiencies lying above the curves. As a reference we plot the regions obtained with optimal states in the 2-photon subspace (fat gray curves) as well as those of the scheme of Ref. [19] (thin black curves) over which we get a significant improvement.
tion of the single photon ancilla. Importantly, it is only upon successful amplification that the state is transmitted to Alice and Bob. If amplification is not successful, the state preparation must be repeated. This introduces no loophole, since the choice of local measurement settings for Alice and Bob can be done at a later time, and only upon successful operation of the source.
To understand how the amplifier modifies our entangled state, it is enough to recall how it acts on a weak coherent state of the form |0 + α|1 . The output state will be of the form √ t|0 + α √ r|1 , hence the effect is a noiseless amplification with gain g = r t . Indeed g > 1 when r > t. Note that the success probability of the amplification is t; hence the larger the gain, the smaller the probability of success. Now, in our case, a successful application of the amplifier to our initial two-mode squeezed state gives an output state (after the beam-splitter)
which has the desired form. Therefore, by choosing appropriate values of squeezing λ and gain g, we can produce the optimal states of the previous section. By including an amplifier in the source, we are thus able to produce states tolerating lower transmission and detection efficiencies as compared to Ref. [19] and which are optimal in the 2-photon subspace. It is important to note that the complexity of our source is comparable to that of Ref. [19] , in the sense that both schemes make use of two PDC sources. Moreover, the amplifier has been experimentally demonstrated [29, 30] . Note however that for the asymmetric case, our scheme does not allow one to create the optimal state for transmission (11) which requires imbalanced |20 and |02 terms. Fig. 3 presents the results, by showing the threshold values for transmission and detection effciency leading to a violation of the CHSH inequality. From the perspective of experimental implementations, it is essential to account for losses due to imperfect coupling out of the PDC into the transmission channels. Couplings of the order of 80 − 90% have been experimentally achieved [34] . We have taken into account such coupling losses for both PDC sources. Fig. 3 presents results for the cases η c = 1 and η c = 0.9. Moreover, one should also take into account the effect of higher-order contributions from the squeezing. We have checked that considering terms containing up to 6 photons, our results remain unchanged. Finally we note that for small values of λ and t, the detection losses in the amplifier only affect the rate of successful amplification. As long as this rate is significantly larger than the technical noise (e.g. dark counts), our Bell test will not be affected.
IV. AMPLIFICATION BY THE PARTIES
In this section we change gears and consider a scenario where Alice and Bob amplify their systems locally, before performing their local measurements for the Bell test (see Fig. 1b ). Importantly, it is only when the amplification succeeds that Alice and Bob proceed with the Bell test and choose a measurement basis. At the final stage of the Bell test, Alice and Bob will compare their statistics and keep only those events in which amplification succeeded for both parties. The amplification can thus be seen as part of the state-preparation process. We shall see that in this way, the detrimental effect of losses can be compensated, resulting in a higher and more robust Bell inequality violation. Note that a recent proposal for the implementation of device-independent quantum key distribution [14] is based on a similar use of amplifiers. Local amplification by the parties was also applied to a single-photon Bell test in Ref. [35] .
Here we consider a symmetric configuration, and use a type of amplifiers described in [28] . The amplifier can be conveniently described by an operator of the form
whereâ,â † are the annihilation and creation operators respectively,n =â †â and g is again the gain of the amplifier. This amplifier acts on Fock states aŝ We obtain a significant improvement over the case without amplification [19] (dashed curves). For each case, we consider two coupling efficiencies, ηc = 1 (lower curve) and ηc = 0.9 (upper curve).
Note that in the case with amplifiers, we consider all PDC sources (including those used for amplification) to have the same coupling efficiency.
The particular case g = 2 was experimentally demonstrated in Ref. [31] and corresponds to sequential addition and subtraction of a photon. We examine the effect of amplification on an entangled state of the form |ψ 2 = 1 √ 2 (|02 + |20 ), as in Ref. [19] . The state arriving at Alice's and Bob's locations after lossy transmission (η t ) is then given by
with
If no amplification is performed, the minimum transmissivity needed for a CHSH violation isη t = 0.84 (see Fig. 3 ) [19] . However, if Alice and Bob now applyĜ(g) before proceeding with their measurements, the state is transformed to
where N = 1 − 4gη 2 t + 2g 2 η t (1 + η t ) is a normalization factor. From the last expression it is clear that the |ψ 2 -component, i.e. the original state, is increased with respect to the other components. The critical transmission efficiencies in the two instances of the amplifier, g = 2 and g = 3 becomeη t = 0.62 andη t = 0.5 respectively. Thus, we see that the amplification significantly helps in decreasing the threshold. In Fig. 4 , we show the region of parameters η d , η t for which a violation of CHSH can be found. We stress that, using filters, one can obtain a violation of CHSH for parameters comparable to those reported in recent experiments. For instance, our scheme achieves CHSH violations with values η d = η t = 0.8 (note that coupling and transmission losses are equivalent for the symmetric setups we consider here). Ref. [36] recently reported similar values, reaching a total efficiency (including coupling, transmission and detection) of ∼ 62%.
One may also wonder about combining local amplifiers with the scheme presented above, in which an amplifier is used in the source. We have however checked that no improvement is obtained in this case. For completeness, we have also considered the case where both Alice and Bob apply the filter several times. The critical efficiency η t is found to decrease exponentially with the number of successive filters (see Appendix).
V. CONCLUSION
We have presented continuous variable Bell tests based on hybrid measurements and heralded amplifiers, which provide significant improvements in tolerance to transmission losses and detection efficiency. We discussed two types of schemes, in which the amplification is performed either at the source or at Alice and Bob's labs, prior to the local measurements.
We believe that both of our schemes are relevant from the practical point of view. First, in the case of an amplification at the source, the complexity of the setup is basically similar to that of the scheme of Ref. [19] . The advantage in terms of both transmission losses and detection efficiency is nevertheless significant. Second, in the case of local amplification, the threshold values can be further reduced, approaching values recently achieved experimentally. However, the price to pay here is an increased complexity of the setup due to the requirement of additional photons. Moreover, this scheme may find applications in the implementation of device-independent tasks, such as quantum key distribution. of comparison, in Fig. 5 we plot the critical transmission required for a CHSH violation as a function of the number of times the filterĜ(2) is applied by Alice and Bob, in the case of the state |ψ 2 without vacuum component. Note that for three applications of the filter the critical transmission already drops toη t = 0.2.
